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ispZ]\;g[§­|S¢Q\[o²©'WY\2o±ynQpoYnpgikWY\&Z]m?gjit¤ws\8Y\[o8il[Qqgk\>mQt¦tuQpYws\Q¯Ql[l[pY\[o8isQtuypYws\2g
l2yowk\2Z&ypoohYZ]\[wsmQ¨g[§
VWhqg{Z>m?wk\¦wk\;ypgjikp¥l¦©Bemyt¨Z>mff\2poYn¬tuQpYws\SispZ]\;g
p¥g
ikmlm?oqgjp¥f\2w¡lm?Z>N\ispoqn{wspgkZ]mff\[
©'WqplW isQQ\;gpo8ikm ?l[lm?Yo8i]ikWY\Âtu?li&ikW¨1i. tuypYwk\l2yo ¨\³l2yqgk\2 he yn?poqn m?w­Ql2lp¥f\[o8isQeQ§
VWqpg&Z]mff\2=pg&Y\qoY\; Qg>t¤m?m1©=g[§  tuQpYws\ikpZ>\³pg>isWY\ªws\2yp21ispm?o mQt wyoqfm?Z ¢1ywspQY\
B = min(E, W )
©'WY\[ws\
E
pg¡­wyo¨fmQZÁ¢1ywspQY\©'prisWQo³\«fNmQoY\2o8ikp¥yfpgjikwspYfikpmQo E(η0) yo¨
W
p¥g­wyoqYmQZ¢BQwkp¥yq\©'prisW­£ \[pYYfp¥gziswkpYfispm?o W(η1, β) ©'WY\2wk\ β > 1 §^¦mQo¨gj\ ?q\[o8ikeQ¯isWY\fp¥gjikwspYYikpmQomyt
B
p¥g=lWqQws?lis\[wsp2\28e.ikWYws\[\qywyZ]\is\[wg
η0
¯
η1
Qoq
β
§Ãûi¬©'p
¨\f\[oYmQik\;
B(η0, η1, β)
§ÃûisgStuypqwk\{wsyik\t¤YoqlikpmQopgIikWY\¡gjYZ mQt°ikWY\{\«f¨m?oY\[o8ispQ¨yo¨]£\2pYqNtuypYwk\¬wsyik\2g
hB(x) =
1
η0
+
β
η1
(
x
η1
)(β−1).
¤
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VWq\=ypZümytNikWYp¥gqQ¨\2wpgismyoqQe 2\¦isWY\'Nm?gsgjpYppizemytEqgkpoqn B(η0, η1, β) poqgjik\;Qmyt° W(η, β)YpgjikwspqfikpmQot¤mQw'Z]mff\[poYn­QnQpoYnq§
VWY\qQ¨\2wpgmQwsn?QoYp[\2?g
t¤mQm1©=g2§#ÃÄo]ch\2likpmQo>=ikWq\Z&Qpo>lWqywQlik\[wsp¥gzispl2g-mytqikWY\ B(η0, η1, β)YpgjikwspqfikpmQo Qwk\­qwk\;gj\2o?is\2°§ÃÄo cf\2lispm?o 0 ¯isWY\.\;gzispZ&1ispm?o±mytikWq\ B(η0, η1, β) fp¥gziswkpYfispm?o±pgl[mQoqgkp¥f\[ws\2°§­®pwsgjiZ&1«fpZYZ pQ\[pWYmhmh \;gzispZ&1ispm?omQt¦isWY\]ikWqwk\2\&qywyZ]\is\[wg¡mytikWY\ B fp¥gjikwspr·qfikpmQo±t¤wsmQZ Nm?gsgjpYe²wkpnQW8il[\[oqgkmQws\2±Yyis³pgYws\2gk\[o8ik\; ikWYwsmQYn?W±ikWq\.|SÀ ynQmQwspikWYZÂ§VWq\[o-¯
µBe?\2gkpQo \2gjikpZ&1ispm?o myt¡ikWYm8gj\ª¨ywyZ]\is\[wgp¥g­qwk\;gj\2o?is\2 qgkpoqn yo pZ>NmQwkisQoql\ªgsyZ]YpoYn yf·
qwkm8QlW­ism­yYqwkmB«fpZ]yik\¡ikWq\¨m8gzis\[wspm?w=fpgjikwspYfikpmQoÂmQt
isWY\qQwsQZ>\[ik\2wsg2§Sch\2likpmQoÂ&p¥g=lm?oql\2wkoY\;
©'pikW]Wheh¨mQikWY\;gjp¥gis\2gjisg2§
ÃÄo]qQwjispl[YQw2¯yikWY\'pZ]¨m?wjiyo8iYwkm?Y\[ZÊmQt¨is\2gjikpoYn¡£\2pqYNfp¥gziswkpYfispm?o
Qn?Qpoqgji¦ B fp¥gjikwspYYikpmQo.p¥glm?oqgjp¥f\2wk\;°§cf\2lispm?opgf\[¢?myis\2]ismisWY\{qwk\;gj\2o?i1ispm?o&myt#ohYZ]\[wsp¥l[y\[«f¨\2wkpZ]\[o8isgm?oNmyisW²gkpZY¥1is\2 yoqwk\;yYyisÂgj\[isgQoqÂgkWYmQwkifp¥gkl[qgkgkpmQogk\2likpmQo \[oqqgikWY\
¨yN\[w;§
 1 (S
	!°¦!0 
(	 B %!-#+,.

}#\i­wyoqYmQZ¢BQwkp¥yq\¤w;§ ¢E§ 
B = min(E, W )
¯#©'WY\[ws\isWY\w;§ ¢N§
E
W¨Qg¡yoª\[«hNmQoq\[o8ikp¥yfp¥gziswkp·
qfikpmQoÂ©'pikWÂZ]\2yo¢1yY\
η0
Qoq­isWY\w;§ ¢E§
W
W¨Qg']£ \[pYY#fp¥gziswkpYfispm?o©'pikWgsl[Q\qQwsQZ>\[ik\2w
η1
yoqgjW¨yN\qywyZ]\is\[w
β
¯qQoq
E
Qoq
W
yws\po¨f\[N\[oqY\[o8i2§SVWq\¡Z&QpolWqQws?lik\2wkp¥gjikp¥l[g¦mytikWY\
B YwsmQ¨yYppize.fp¥gjikwspYYikpmQoyws\¡?gt¤mQm1©=g2§ÃûisgWq2Qws.t¤YoqlikpmQoÂpg
hB(x) = hE(x) + hW (x) =
1
η0
+
β
η1
(
x
η1
)(β−1),
K
pisg=wk\2p¥yYpprize umQw=gkYwk¢hp¢1y It¤qoqlispm?op¥g
SB(x) = SE(x) × SW (x) = exp[−
1
η0
x − ( x
η1
)β ],
u 
Qoqprig'YwsmQqQYppize­f\[oqgkpize­t¤YoqlikpmQo¤Eht 'pg
fB(x) =
[
1
η0
+
β
η1
(
x
η1
)β−1]
exp[− 1
η0
x − ( x
η1
)β ].

_{oª®pnQYws\IQwk\fp¥gkYBe?\2\«YQZ>q\;g'myt B Eht g{©'prisWikWY\lmQwsws\2gk¨m?oqfpoYn&\«fNmQoY\2o?ispQ#yo¨£ \[pYY-Ehtt¤mQw'm?oY\\«YyZ]Y\Q§
ÃÄo­¢hp\[© myt-Qoqye [poYnikWY\{wkm?\;gmyt#gsl[Q\'¨ywyZ]\is\[wg
η0
Qoq
η1
po&tuQpYws\'ikpZ]\¬YyisQoqyefgjp¥g[¯
pi=p¥g'mytpo8is\[ws\2gjiism­l[Ql[Yyik\¡ikWq\YwsmQqQYppize]ikWqyi{tuypYws\ywsp¥gj\;gSt¤wsmQZ
E
uQl2lp¥f\[o8iyEtuypYwk\ ¯
isWq1i>pgisWY\qwkm?qyYpprizeikWqyi
B = E
§ Ãûi>p¥g
P (B = E) = P (E ≤ W ) §  gkgkYZ]poYngjWqQ¨\¨ywyZ]\is\[w
β = 2
¯fpi=\2Qqgikm
P (B = E) =
η1
η0
√
π
2
erfcx(
η1
2η0
)
Ç
ÇÍ*YqÖZÕÖ
   	 * *   	
	 
 	$J	 
0 1 2 3
0
0.2
0.4
0.6
0.8
1
1.2
1.4
Densities
Exp(2)
Weibull(1,3)
B(2,1,3)
0 1 2 3
0
0.2
0.4
0.6
0.8
1
1.2
1.4
B densities
B(2,2,1/2)
B(2,2,1)
B(2,2,2)
B(2,2,3)
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 
η0/η1
q§JI Y§Ò Y§Ò I IQ§Ò   I2
P (X = E) = P (E ≤ W ) q§ K)V Y§ K 0 q§ Q Y§Ò1 Y§ 8 q§ 0  Y§ I; q§ )V
Vyq\'I vIwsmQqQYppize&myt
QoQl2lp¥f\[o8iy¨tuypYws\Qgt¤Yo¨likpmQomyt
wsyikpm η0
η1
poÂ B(η0, η1, 2) fp¥gziswkp·qfikpmQo-§
©'Wq\[ws\{isWY\t¤YoqlikpmQo
erfcx
p¥g
erfcx(x) = ex
2 2√
π
∫ +∞
x
e−u
2
du.
Vyq\Ifp¥gjqBefgikWq\\[¢Qm?YikpmQomytikWYp¥g'YwsmQqQYppize.Qg't¤Yo¨likpmQomQt
w1ispm η0
η1
§ =m&gjqwkYwsp¥gjpoYnQeQ¯
B(η0, η1, β) ≈ W(η1, β)
?g
η0 >> η1
Qoq B(η0, η1, β) ≈ E(η0) Qg η1 >> η0 § chpoql[\ª©¦\Qwk\Ywk\;gjqZ]QYeÂl[mQoql[\[wsoY\2Â©'pikW gjpik¨1ikpmQo¨g¬©'WY\2wk\>yn?poYnl[yo³¨\]gj\2oqgkprisp¢?\Q¯Epri¡pg¡ws\2?gjm?oqyY\ikm
?gkgkYZ]\'isWq1i
η0 ≥ η1
¯8¨\;l[Qqgj\
η1 > η0
pZ]Yp\2gYws\2YmQZ]po¨yo8iIt¤ws\8Y\[o¨le]myt-Ql2lp¥f\[o8iyYtuQpYws\Q§
ÃÄoisWY\¡t¤mQm1©'poYnq¯hisWYp¥g=>YwkpmQwsp°QgsgjqZ>YikpmQo©'p-N\Z]?f\poisWY\µBeQ\2gkp¥yo­t¤wyZ]\2©¦m?wkE§
VWY\}
yY¥Ql[\¬iswsQoqgjt¤mQwsZ´myt B pg
GB(u) =
∫ +∞
0
euxfB(x)dx,
=
∫ +∞
0
[
1
η0
+
β
η1
(
x
η1
)β−1]
e
−
“
1
η0
−u
”
x
e
−
“
x
η1
”β
dx,
=
∫ +∞
0
[
η1
η0
+ βyβ−1
]
e
−
“
1
η0
−u
”
(η1y)e−y
β
dy,
©'pikW
y = x
η1
§
}
yY¥Ql[\iswsQoqgzt¤m?wkZÁmQt B l[QoYoYmyiN\]l2y¥lY¥1is\2³po²Âlm?gk\2t¤m?wkZ]\;°§®qmQw β = 2 ¯°qgkpoYnikWY\t¤qoqlispm?o
\2wjtul
(x) =
2√
π
∫ +∞
x
e−u
2
du,
pi¬l[QoN\©'wsprikik\[oKgj\2\µ\2wjisWYmQmQoy? I=t¤m?w=f\iypg 
G(u) = 1 + exp
[
1
2
η1
(
1
η0
− u
)2] [
η1u
√
π
2
\2wjtul (1
2
η1
(
1
η0
− u
))]
.
 V 
®qwkm?ZüisWYpgS\«fYws\2gsgjpmQo#¯ypri¦pgS¨m8gkgkpq\ismf\[wsp¢?\ikWY\¬Z>\;yo­QoqikWY\=¢1Qwkp¥yoql[\mytEikWY\ B fp¥gziswkpYfispm?ot¤m?w
β = 2
uµ\[wkikWqmQmQoyQ
I  
E[X ] = η1e
η21
4η2
0
√
π
2
\[wktul
(
η1
2η0
)
Ç
ÇÍ*YqÖZÕÖ
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Qoq
V ar[X ] = 2
[
η1e
−( η12η0 )
2
(
− η
2
1
2η0
√
π
2
erfc(
η1
2η0
) +
1
2
η1e
−( η12η0 )
2
)]
−
[
η1e
η21
4η20
√
π
2
erfc(
η1
2η0
)
]2
.
Ãûi=p¥g©mQwkikWh©'WYp\¡ikm]n?p¢?\gkmQZ]\pZ]pi=¢BQq\2gmytikWqm?gk\gjisyikp¥gzispl2g[§
  £ WY\[o η0 → +∞ ¯
E[X ] → η1
√
π
2¨\;l[Qqgj\\2wjtul
(x) → 1 ©'Wq\[o x → 0 ¯YQoq
V ar[X ] → η21
(
1 −
(√
π
2
)2)
.
 g#\«f¨\;lis\2°¯;ikWq\IZ]\2yoQoq¢1ywspQoql\mythisWY\ B fp¥gjikwspYYikpmQo¡ik\2oqikmisWY\IZ]\2Qoyoq¡¢1ywsp¥yoql[\mytikWY\l[mQwswk\;gjNmQo¨fpoqn£ \[pYY
fp¥gziswkpYfispm?o
E[X ] = η1Γ
(
1 +
1
β
)
yoq
V ar[X ] = η21
(
Γ
(
1 +
2
β
)
− Γ2
(
1 +
1
β
))
.
  £ WY\[o η1 → +∞
E[X ] → η0
¨\;l[Qqgj\ √π
2
\2wjtul
(x) ∼ e−x2
(
1
2x − 14x3
) ©'WY\[o
x → +∞ ¯Yyoq
V ar[X ] → η20 ,
oqyZ]\2e.ikWY\Z]\2QoÂQoq¢BQwkp¥yo¨l\myt
ikWY\l[mQwswk\;gjNmQoqYpoYn>\«fNmQoY\2o8ikp¥y-fp¥gziswkpYfispm?o-§
  !°[ 

(	  	
	 0 
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VWq\ B fpgjikwspYfikpmQo³pg¡&isWYwk\2\·ûqywyZ]\[ik\[w¡fp¥gziswkpYfispm?o³yoqª\2gjikpZ]yikpoYn.pisg¡qQwsQZ]\ik\2wsg{l[Qoª¨\isWYmQqnQW8i{mQt¦Qg{Z]mQws\fp­lYiikWqQo³\2gjikpZ&1ispoYn.ikWY\iz©m.qQwsQZ>\[ik\2wsg¬myt¦.£\2pYqIfp¥gjikwspYYikpmQo-§
¬m1©¦\2¢Q\2w2¯BpiIpgNm?gsgjpY\ikm¡isQQ\YwsmYimytNikWY\tu?liikW¨1iikWY\ B fp¥gjikwspYYikpmQo&l[QoN\wk\2n?ywf\;QgQopoql[mQZ]Y\ik\YyisZ]mhY\[Eikm]qgk\¡\­lp\[o8i'\2gjikpZ&1ikpmQoÂynQm?wkpikWqZ]gQg¦isWY\|SÀ ynQmQwspikWYZ t¤mQw'Z&y«8·
pZqZ p?\[pWqm8mf ¤Z] '\;gzispZ&1ispm?o u¶{\[Z]qgjik\2w2¯N}#QpwÂyoq~'qYpo#¯ I@K  mQw¬¶¡1i&yYn?Z>\2o8is1ispm?o
Qn?mQwsprisWYZ&g¦t¤mQw=µBeQ\;gjp¥yo­poft¤\2wk\2oql\ KV
QoYoY\[w=Qoq£m?oYnq¯UIKV §
µ\t¤m?wk\]n?mQpoYnÂpo8ikmisWY\­f\iypgmytSisWY\&|SÀ3Qn?mQwsprisWYZÁikmªf\2wkp¢Q\>isWY\&Z]I\2gjikpZ&1ik\;gmytikWY\ BYpgjikwspqfikpmQoqywyZ]\is\[wg[¯;©\ qwgjiYwsm1¢Q\IikWqyiisWY\pQ\2pWYmhmf\8qyikpmQoqg
WqB¢?\¦=qoYp8Y\'l[mQoqgkpgjik\2o8i
wsmhmyi;§
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VWq\=ypZümytNikWYp¥gIgk\2likpmQo]pgikmYwsm1¢Q\¦ikWqyiIikWY\'pQ\[pWYmhmh\8qyikpmQoqgt¤m?wikWq\ B fpgjikwspYfikpmQo]WqB¢?\wsmhmyi©'WYplWpgl[mQoqgkpgjik\2o8iQoq?gjehZ]fikmQikp¥l[QeoYmQwsZ&yefp¥gziswkpYfis\2°§VWY\Ywsm8mQtYqgk\2g^¦W¨yoqY! g
isWY\[m?wk\2Z ikW¨1i=p¥gwk\;l[y\2 qwsgji2§
3 ; ¹h½  ¹  2 û^¦Wqyoqq I}#\i
f(x; θ
IN\{YwsmQqQYppizef\2oqgjpize>t¤YoqlikpmQo-¯
θ = (θ1, ..., θk)
N\[poYn
¢?\2likmQwqQwsQZ]\ik\2w¨\2m?oYnQpoYn>ikm]isWY\qywyZ]\[ik\[w'gkqQl[\
Ω
¯Yyoq
x1, ..., xn
¨\poqf\2¨\2oqf\[o8i=m?qgj\2wj·
¢1yikpmQoqgmQt>wyoqfm?Z´¢1ywspQY\
X
©'prisWf\[oqgkpize
f(x; θ)
§SVWY\p?\[pWYmhmf\8q1ispm?oqg'yws\¡nQp¢Q\[ohe
∂ ln L
∂θ
= 0
¯ ©'WY\[ws\
ln L =
∑n
i=1 ln f(xi, θ).
}-\[i
θ0
f\2oYmyis\SisWY\ikwsY\¦¢1QY\myt
θ
§Ãûip¥gQgsgjqZ>\;
isWq1i
θ0
p\2gyigjm?Z>\>NmQpo?ipo
Ω.
VWY\[o-¯#prt=^¦mQoqfpikpmQo¨gI· 0 N\[m1©ÊWYm?°¯-ikWY\2wk\]\«fp¥gzigqoYp8Y\
l[mQoqgkp¥gzis\[o8i{\;gzispZ&1ismQw
θn
¯-gjm?YikpmQo³mQtIikWq\p?\[pWqm8mf³\8q1ispm?oqg2§®YYwkikWY\2wkZ]m?wk\?¯ √
n(θn − θ0)
pg
?gjehZ]fismyikp¥l[QeoYmQwsZ&yefp¥gziswkpYfis\2³©'prisWZ]\2Qo [\2wkmyoqlm1¢1ywsp¥yoql[\Z&1ikwsp«ÂÃ
θ0)
−1 ¯°©'Wq\[ws\Ã
θ0)
p¥gikWY\®p¥gjWq\[w'poft¤mQwsZ&1ikpmQoZ&1iswkp«°§
 547689:<;=:>68 I®Ym?w{yZ]m?gji{y x yo¨t¤mQwy θ ∈ Ω ¯ ∂ ln f
∂θr
, ∂
2 ln f
∂θr∂θs
yoq ∂3 ln f
∂θr∂θs∂θt
\[«hp¥gji=t¤mQw
y
r, s, t = 1, ..., k
§
 547689:<;=:>68 ­®Ym?w{QZ]m?gji¡Q x yoqt¤m?w¡Q θ ∈ Ω ¯
∣∣∣ ∂f∂θr
∣∣∣ < Fr(x),
∣∣∣ ∂
2f
∂θr∂θs
∣∣∣ < Frs(x)
yoq ∣∣∣ ∂3f∂θr∂θs∂θt
∣∣∣ < Hrst(x)
¯8©'WY\2wk\
Hrst
p¥ggjqlW­ikWqyi ∫ +∞
−∞ Hrst(x)f(x)dx ≤ M < ∞
¯
yoq
Fr(x)
yoq
Frs(x)
yws\¡¨m?Yoqf\;.t¤m?w=y
r, s, t = 1, ..., k
§
 547689:<;=:>68 0 ®Ym?w¡Q θ ∈ Ω ¯NisWY\Z&1iswkp« I(θ) = ∫ +∞−∞
(
∂ ln f
∂θ
)(
∂ ln f
∂θ
)′
fdx
pg¬¨m8gjpikp¢Q\
f\¨oYpris\Q§
VWY\isWYwk\2\'lmQo¨fprispm?oqgmyt¨ikWY\¬^¦WqQoqY¬ikWY\2mQws\[Züyws\oYm1© lWY\;lQ\2t¤mQwikWq\pQ\[pWYmhmh\8qyikpmQoqg
mQt#isWY\ B fp¥gziswkpYfispm?o-§I®pwgzi;¯hikWY\¨ywkikp¥y-f\2wkp¢11ikp¢Q\;gmytikWY\Eht f yws\¡mytikWY\t¤m?m1©'poqnt¤m?wkZ
∂ ln f
∂θr
=
∂f
∂θr
1
f
∂2 ln f
∂θr∂θs
=
1
f
∂2f
∂θr∂θs
− ∂f
∂θr
∂f
∂θs
1
f2
∂3 ln f
∂θr∂θs∂θt
= 2
∂f
∂θr
∂f
∂θs
∂f
∂θt
1
f3
− ∂
2f
∂θr∂θt
∂f
∂θs
1
f2
− ∂f
∂θr
∂2f
∂θs∂θt
1
f2
− ∂f
∂θt
∂2f
∂θr∂θs
1
f2
+
∂3f
∂θr∂θs∂θt
1
f
,
©'Wq\[ws\
θ
p¥gikWY\¢?\2likmQwqQwsQZ]\ik\2w
θ = (η0, η1, β).µeÂpo¨fqlispm?o-¯Epril[QoªN\Ywsm1¢Q\;ikWqyi
f
Qoqpisg{qywkikp¥yf\[wsp¢1yikp¢Q\2g¬mytSQo8eÂm?wsf\2w Kf\[oYmQik\;
N\[m1© he
g
l[QoN\©'wsprikik\[oÂpo.isWY\t¤mQm1©'poYn]©Be  
e
− 1
η0
x−
“
x
η1
”β
[
P (
1
η0
,
1
η1
, β) +
M1∑
k1=0
M2∑
k2=1
1∑
k3=0
Qk1k2k3(
1
η0
,
1
η1
, β)
(
ln
(
x
η1
))k1 ( x
η1
)k2β−k3]
Ç
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©'Wq\[ws\
P ( 1
η0
, 1
η1
, β)
yoq
Qk1k2k3(
1
η0
, 1
η1
, β)
yws\NmQehoYmQZ]p¥y¥g¬po 1
η0
, 1
η1
yoq
β
§
k1
Qoq
k2
iy?\
ws\2gkN\2lisp¢?\[e³isWY\[pw>¢BQq\2gpo Ypgslws\is\.gj\[isg {0, 1, . . . , M1} yoq {0, 1, . . . , M2} §²^¦m?oqgj\ 8Y\[o8ikeQ¯^¦m?oqfpikpmQo Ipg=gs1ispg q\;°§
¬m1© yohe&qQwjispQ°f\[wsp¢1yikp¢Q\
g
p¥g'>lmQo8ispohYm?qg¦t¤Yoqlispm?opo
x
yoq
θ
§IVWhqg
g
pgNmQYoqY\2.t¤mQw
θ ∈ Ω yo¨ x po yohelm?gk\2po8ik\[ws¢1yF§VWY\[ws\t¤m?wk\ismlWq\2l³^¦mQoqYprispm?o f¯Epigk ­l\;g=isml[mQoqgkp¥f\[wpisg¬¨\2WqB¢hpm?w't¤mQw{Qwkn?\¢1yY\2g{myt
x
§¬Ãûi{p¥g=\2?gjpegk\[\2oÂikWqyi¬ikWq\[ws\\«fp¥gzi¬Nm?gkpikp¢Q\ohYZ¨\2wsg
A
yoq
B
gjqlWÂisWq1i
g
pg¬poYt¤\[wspm?w'ikm
e−Bx × xA t¤mQw¬gk ­lp\[o8ikeQwkn?\ x yo¨ θ ∈ Ω §=chpoql\ e−Bx × xAp¥gNmQYoqY\2°¯N^¦m?oqfpikpmQoªpg'gs1ispg q\;°§
 g¡t¤mQw^¦m?oqfpikpmQo 0 ¯
I(θ)
¯
©'WqplW pgl[m1¢1ywspQoql\Z]yikwspr«°¯
pgNm?gkprisp¢?\&f\qoqpris\&YoY\2gsgpri\[«hp¥gjisg
a, b, c
oqmyiy8\ 8qy8ikm [\2wkmgkqlWisWq1i
a∂ ln f
∂η0
+b∂ ln f
∂η1
+c∂ ln f
∂β
= 0
§  gkpZ]Y\\«YyZ]poq1ispm?omyt¨ikWY\
Y\[wsp¢11isp¢?\2g¡gjWqm1©=g¡gjikwypnQW8ikt¤mQws©Qwsfe­isWq1iisWY\[eªQwk\>oYmyil[mQpoY\2Qw2§VWhqg{isWY\>ikWYws\[\&lm?oqfpikpmQoqg
mQt^¦WqQoqYikWq\[mQws\[Z yws\¡¢?\[wsp ¨\2°§
     &	   ) ",'&
}#\i
y = (y1, . . . , yn)
¨\³±gsyZ]Y\t¤wsmQZ B fp¥gziswkpYfispm?o ©'WYplW l2yo lm?o8isypo izeh¨\ªÃ]wspn?W8il[\[oqgkmQws\2 Y1i  Y«f\2 l\2oqgkmQwspoYnikpZ]\§ |S?lW
yi
l2yo ¨\©'wspijik\2o
yi = (ti, δi)
¯©'WY\2wk\
δi ={
0
pt
ti
p¥g=]l\2oqgjm?wkpoYnikpZ]\
,
1
pt
ti
p¥g=tuypqwk\¡ikpZ]\
.
VWhqgisWY\mQ¨gj\2wk¢?\2­pQ\[pWYmhmh©'WYp¥lWÂpg
L(η0, η1, β|y) =
n∏
i=1
fB(ti)
δiSB(ti)
1−δi
=
n∏
i=1
hB(ti)
δiSB(ti),
l2yo¨\©'wspijik\2o
L(η0, η1, β|y) =


n∏
i=1
(
1
η0
+
β
η1
(
ti
η1
)β−1)δi

 exp
[
− 1
η0
n∑
i=1
ti −
n∑
i=1
(
ti
η1
)β]
.
 K 
À³1«fpZ]p[poYn K ¬pg{izehYp¥l[Qefp­lYiYwsmQY\[Zt¤mQw©'WYp¥lWisWY\]qgj\>mytSikWY\>|SÀynQmQwspikWYZÁl[Qo
N\wk\;lm?Z>Z]\2oqf\2-§  g'>Z]yijis\[w'myt#tuQli;¯fikWq\ B fp¥gjikwspYYikpmQopgisWY\fp¥gziswkpYfispm?omQt
]lmQZ]N\ispoYnwsp¥gjZ]mff\[S©'prisW Z]p¥gkgkpoYnY1iY§]VWY\&Z]pgsgjpoYnYyisÂyws\qpoqQwke³poqYpl21ikm?w¢BQq\2gQgsgkmhl[pyik\;ikm
isWY\=tuQpYws\'ikpZ]\2g2§Ãût
ti
p¥g¦tuQpYws\'ikpZ]\Q¯h©\¬f\¨oY\
zi = (z
E
i , z
W
i )
©'WY\2wk\
zEi = 1
Qoq
zWi = 0
prt
isWY\'tuQpYws\ikpZ>\
ti
ywsm?gk\t¤wkm?ZüikWq\=\«fNmQoY\2o?ispQqfp¥gziswkpYfispm?o&yoq
zWi = 1
yoq
zEi = 0
prt
ti
ywsm?gk\
t¤wsmQZ´ikWY\£ \[pYY#fp¥gziswkpYfispm?o-§Iµe.lm?oh¢Q\[o8ispm?o-¯hprt
ti
pg']l[\[oqgkmQwspoqnispZ]\ 
δi = 0
¯
zEi = 0
yoq
zWi = 0
§VWhqg[¯BisWY\lmQZ]Y\is\q1is¡gk\il[yo¨\©'wsprikik\[o
x = (xi = (yi, zi), i = 1, . . . , n) = (y, z)
§
VWq\Y\[oqgkprizemyt>l[mQZ]Y\is\mQqgk\[ws¢11ikpmQo
xi
p¥g
f(xi) = (fE(ti))
zEi SE(ti)
1−zEi (fW (ti))
zWi SW (xi)
1−zWi ,
Å¤ÆÇ-ÅÉÈ
 
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f(xi) = (hE(ti))
zEi (hW (ti))
zWi SE(ti)SW (ti).
 oq°¯fisWY\lm?Z]Y\[ik\mQnQpQ\[pWYmhmhl[QoN\©'wsprikik\[o
l(θ|x) =
n∑
i=1
[
zEi ln (hE(ti)) + z
W
i ln (hW (ti)) + ln (SE(ti)) + ln (SW (ti))
]
.
 I2 
VWq\¡|¦À Qn?mQwsprisWYZ lm?oqgjp¥gjisgmytZ&1«fpZ]p[poYnikWY\lm?oqfpikpmQoqQ°\«fN\2li1ispm?o.myt
ikWY\l[mQZ]Y\is\¡pQ\·
pWYmhmh²hoYm1©'poYnisWY\­m?qgj\2wk¢?\2²YyisªQoq±ªlqwkws\[o8i¢1yY\
θ̃
mytikWY\qywyZ]\[ik\[wpo Qo±pris\[w1isp¢?\
iz©m³gjik\2qgQn?mQwsprisWYZ u¶{\[Z]qgjik\[w;¯S}
ypws±Qoq ~'Yqpo I@K  h¯Àªl[}
QlWY¥yo Qoq wspgkWYoqQZ I@KK §
VWq\>|ügjik\2p¥gl2y¥lY¥1ispoYnikWqpgl[mQoqYprispm?oqy\[«hN\2lisyikpmQo-¯f\[oYmQik\;
Q(θ|θ̃) ¯yoqikWq\­À gjik\2 p¥gZ&y«hpZ]p2poqn
Q(θ|θ̃) ©'prisWÂwk\;gjN\2li'ikm θ §
C 2 ¹TF
Ãûi¬l[mQoqgkp¥gzig¦mQtl2y¥lY¥1ispoqn
Q(θ|θ̃) ¯ θ̃ N\[poYn]isWY\lYwsws\[o8i¨ywyZ]\is\[w¢1yY\Q§
Q(θ|θ̃) = E
(
l(θ|x)|y, θ̃
)

n∑
i=1
[
E
(
zEi |y, θ̃
)
ln (hE(ti)) + E
(
zWi |y, θ̃
)
ln (hW (ti)) + ln (SE(ti)) + ln (SW (ti))
]

n∑
i=1
[p̃E(yi) ln (hE(ti)) + p̃W (yi) ln (hW (ti)) + ln (SE(ti)) + ln (SW (yi))]
©'Wq\[ws\
p̃E(yi) =
{
0
prt
δi = 0
hE(ti)
hE(ti)+hW (ti)
prt
δi = 1,
Qoq
p̃W (yi) =
{
0
prt
δi = 0
hW (ti)
hE(ti)+hW (ti)
pt
δi = 1.
Q(θ|θ̃) l[QoN\©'wkpijis\[o
Q(θ|θ̃) = QE(η0|θ̃) + QW (η1, β|θ̃)
 I)I
©'Wq\[ws\
QE(η0|θ̃) =
n∑
i=1
[p̃E(xi) ln (hE(xi)) + ln (SE(xi))]
Qoq
QW (η1, β|θ̃) =
n∑
i=1
[p̃W (xi) ln (hW (xi)) + ln (SW (xi))] .
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VWYp¥g¬?Yfpikp¢Q\Y\2lm?Z]¨m8gjpikpmQomQt
Q(θ|θ̃) N\iz©\[\2oÂikWY\l[mQo8ikwspYfikpmQomQtikWY\\«f¨m?oY\[o8ispQ#yoqisWY\£ \[pYY#fp¥gziswkpYfispm?oqg©'p°tu?lppisyik\ikWq\Àgjik\2©'WqplWÂp¥goYm1© f\;gkl[wkpN\2°§
# [ ¹TF
Ãûi#l[mQoqgkp¥gzig°mytff\[wsp¢8poYn
θ̂ = argmaxθ Q(θ|θ̃)
§
®qwkm?Z  II Epi#\2?YgNikm¬Y\[wsp¢?\
η̂0 = arg maxη0 QE(η0|θ̃),Qoq
(η̂1, β̂) = arg max(η1,β) Q(η1, β|θ̃).
VWhqgikWY\.t¤mQm1©'poYn\8qyikpmQoqgyws\­gziswsQpn?W8ijt¤mQws©ywfe
m?fisQpoq\2
η̂0 =
n∑
i=1
ti
n∑
i=1
p̃E(yi)
,
1
β̂
+
n∑
i=1
p̃W (yi) ln (ti)
n∑
i=1
p̃W (yi)
−
n∑
i=1
(ti)
β̂
ln (ti)
n∑
i=1
(ti)
β̂
= 0,
Qoq
η̂1 =


n∑
i=1
(ti)
β̂
n∑
i=1
p̃W (yi)


1
β̂
.
 oqikWY\ws\2gkYikpoYn
θ̂
¨\;lmQZ]\;gikWY\l[Ywkws\[o8i'qQwsQZ>\[ik\2w¢1QY\?§
VWY\>|SÀynQm?wkpikWYZp¥g{poql[wk\;QgkpoYn­ikWY\]mQ¨gj\2wk¢?\2Âp?\[pWYmhmf
L(η0, η1, β|y)
1i\2?lWªpik\[w1ispm?o
Qoqªp¥g¡\«fN\2lis\2³ikmÂl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2 ln
(
LB(λ̂0 , λ̂1 , β̂)
LW (λ̃ , β̃)
)
= 2
[
n∑
i=1
δi ln
(
λ̂0 + λ̂1
β̂
xβ̂−1i
)
−
n∑
i=1
(
λ̂0 xi + λ̂1
β̂
xβ̂i
)]
−
2
[
n∑
i=1
δi
(
β̃ ln λ̃ + ln β̃
)
+
(
β̃ − 1
) n∑
i=1
δi ln xi −
n∑
i=1
(
λ̃β̃ xβ̃i
)]
§
p¥g 1
2χ
2
1 +
1
2 δ0
¯Y©'WY\2wk\
δ0
f\2oYmyis\2gisWY\¶¬pws?lf\[is]fp¥gziswkpYfispm?opo
0
§  nQ\2oY\[wyNYws\2gk\[o8isyikpmQo.mQt
isWYp¥g{ws\2gkYil[yo¨\t¤mQqoq³po±`¡mQYwsp\2wkm?f«yoq ÀmQoYt¤mQwki I@KK?Y¯ElWqyYik\[w I§µ¦\2eQm?oqªgjisyo¨Yyw
ws\[n?Y¥ywsprizeÂlm?oqfpikpmQoqg{ikW¨1iyws\t¤Yq\;³heÂikWq\ B fp¥gziswkpYfispm?o-¯EikWq\[pwpoY\>mytSYwsmhmytSoq\[\2qg¬isWq1iisWY\­VBe8mQw\[«h¨yoqgkpm?omQt
ln LB
ywsmQYo¨
λ0 = 0
pg¨m8gkgkpq\?¯#©'WYp¥lW²pgiswkq\­gjpoql\
ln LB
pg©¦\2
Y\qoY\;po>oY\[pnQWhNmQwsWYmhmf­myt
λ0 = 0
§
VWhqgisWY\=yqYp¥l[yikpmQo>myt¨ikWY\=}
~V pgSgziswsQpn?W?ikt¤mQws©Qws-§°vIwkmfl[\[\2YpoYnpoisWYp¥gZ&yoYoY\2w2¯QpriIp¥g¨m8gkgkpY\
ism­\«YQZ>poY\n?ws?fqye&ikWY\>lm?Z>q\[«hpize.mQtZ>mff\2g2§=mQikp¥l\ikW¨1i{pi¬p¥g¬Qgkm&¨m8gkgkpY\ism­Z&y?\qgj\
mQtikWY\µÃk^ lwspik\[wspmQoikm.gk\[\2li¬mQoq\mytikWq\ikWqwk\2\Z>mff\2g2§=V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